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We consider N non-interacting fermions in a 2d harmonic potential of trapping frequency ω and
in a rotating frame at angular frequency Ω, with 0 < ω−Ω ω. At zero temperature, the fermions
are in the non-degenerate lowest Landau level and their positions are in one to one correspondence
with the eigenvalues of an N × N complex Ginibre matrix. For large N , the fermion density is
uniform over the disk of radius
√
N centered at the origin and vanishes outside this disk. We
compute exactly, for any finite N , the Re´nyi entanglement entropy of order q, Sq(N, r), as well as
the cumulants of order p, 〈Npr 〉c, of the number of fermions Nr in a disk of radius r centered at
the origin. For N  1, in the (extended) bulk, i.e., for 0 < r/√N < 1, we show that Sq(N, r) is
proportional to the number variance Var (Nr), despite the non-Gaussian fluctuations of Nr. This
relation breaks down at the edge of the fermion density, for r ≈ √N , where we show analytically
that Sq(N, r) and Var (Nr) have a different r-dependence.
The last decade has seen tremendous progress in the
experimental manipulation of cold atoms [1]. For Fermi
gases, the recent development of Fermi quantum micro-
scopes [2–4] allows to take a true instantaneous “picture”
of the gas. Thanks to these techniques, the Full Counting
Statistics (FCS), i.e., the statistics of the number ND of
particles in a given domain D, is now accessible exper-
imentally. In particular, an important physical observ-
able is the number variance Var(ND) = 〈N2D〉 − 〈ND〉2.
The FCS is thus a fundamental tool to characterise the
(quantum and thermal) fluctuations in many-body sys-
tems and it has thus been studied in various contexts,
ranging from quantum transport in mesoscopic physics
[5] to electronic correlations in quantum dots [6, 7] or
noise measurements in interacting Bose gases [8].
Another important quantity in many-body quantum
systems is the bipartite entanglement entropy of D with
its complement D. During the last ten years, entan-
glement entropy has generated a lot of interest, in par-
ticular because it can be used to identify critical and
topological phases of matter [9]. Quantum entanglement
is commonly quantified through the Re´nyi entanglement
entropy, parameterised by q ≥ 1, defined as
Sq(N,D) = 1
1− q ln Tr[ρ
q
D] with ρD = TrD[ρ] , (1)
where ρ is the full density matrix of the system and
ρD, obtained by tracing out over the complement D,
is the reduced density matrix. For q → 1, it gives
the von Neumann entanglement entropy SvN(N,D) =
limq→1 Sq(N,D) = −Tr ρD ln ρD. Powerful methods, in-
cluding one-dimensional conformal field theory [10, 11]
as well as renormalisation group techniques [12–14], have
been developed to compute Sq(N,D) in various systems.
These two observables, Var(ND) and Sq(N,D), have a
priori no reasons to be related to each other. However,
interestingly, in a translationally invariant free Fermi gas
in d dimensions, they were found to be proportional to
each other [15–21]. This raised the interesting possibility
of extracting experimentally the entanglement entropy
(which is very difficult to access experimentally) via mea-
suring the number variance. Since this proportionality
is rather crucial, it is natural to ask whether it con-
tinues to hold for a non-interacting Fermi gas, even in
the presence of a confining trap that breaks the trans-
lational invariance. Indeed the trap creates an edge in
space beyond which the particle density vanishes. Char-
acterising the effect of confinement on Sq(N,D), as well
as on the FCS, in particular for a domain D close to
the edge where fluctuations are typically strong, is a dif-
ficult and challenging issue [22–24]. Recent analytical
progresses were achieved for non-interacting Fermi gases
trapped in a one-dimensional harmonic potential [18, 19],
exploiting a connection with the Gaussian Unitary En-
semble of random matrix theory (RMT) [25–27]. In the
presence of a trap, the density has a finite support on
[−re,+re] with two edges at ±re =
√
2N (in dimension-
less units). The entanglement entropy Sq(N,D) of the
interval D = [−`, `] was analytically studied in the large
N limit. Near the trap center, for ` = O(1/√N), i.e.,
of the order of the inter-particle distance, the particles
do not feel the potential curvature and on this length
scale, they behave like free fermions. In this bulk regime,
for 1/
√
N  `  √N , it was shown [18, 20, 21] that,
at leading order for large N , Sq(N,D) is proportional
to the number variance Var (ND) = 〈N2D〉 − 〈ND〉2 '
(1/pi2) ln(`
√
N),
Sq(N,D) ≈ pi
2
6
(
1 +
1
q
)
Var (ND) . (2)
In Ref. [18], it was demonstrated that this relation (2)
extends far beyond the bulk regime, up to ` = O(√N),
for 0 < `/
√
N <
√
2, even though the particles feel the
confining potential on this length scale. In fact, one can
show that this relation (2) between entanglement entropy
and the number variance holds more generally provided
the fluctuations of ND are Gaussian [17, 18, 20]. It is well
known that the fluctuations of ND are indeed Gaussian in
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2the bulk of 1d harmonically trapped fermions [25, 28], but
this ceases to be true at the edge, for `− re = O(N−1/6).
In this regime, the number variance [25] and the entropy
[18] are given by rather complicated formal expressions
and, unfortunately, it is very difficult to conclude whether
or not there exists a relation between the entanglement
entropy and the number variance, similar to (2), at the
edge [18].
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FIG. 1. Plot of the rescaled Re´nyi entanglement entropy
Sq(N, r)/(
√
Nαq), with αq given in (11) for q = 2 (blue) and
q = 4 (dashed red) and rescaled variance Var (Nr) /
√
N (or-
ange dots) obtained numerically by diagonalisation of 5×104
complex Ginibre matrices of linear size N = 200 as a function
of the radius ζ = r/
√
N in the extended bulk (0 < ζ < 1). In
this regime, all functions converge to the same scaling func-
tion ζ/
√
pi. Inset: Plot of the ratio Sq(N, r)/Var (Nr) for
q = 2 (blue) and q = 4 (dashed red) as a function of the
rescaled position s =
√
2(r − √N). For s → −∞, it goes to
the constant (extended bulk) value αq (11) while for s→ +∞
it goes to q/(q − 1).
In this Letter we study non-interacting fermions in the
two-dimensional xy plane in the presence of a harmonic
potential V (r) = mω2r2/2, with r = |r|, and at zero tem-
perature. But here, at variance with previous studies, we
consider the situation where the whole system is in rota-
tion at angular frequency Ω < ω around the z-axis, per-
pendicular to the xy plane. Such rotating quantum sys-
tems have received a lot of attention, both theoretically
[29–32] and experimentally [33, 34] for cold atoms [35].
In particular, for higher Ω . ω, they exhibit a strong
analogy with quantum Hall systems [36]. Very little is
known about the entanglement and FCS in such systems.
Here, using a connection with RMT, namely the so-called
Ginibre ensemble [4, 37, 38], we obtain exact analytical
results for Sq(N,D) as well as for the full statistics of ND
for a spherical domain D and show that they display a
very rich behaviour. This constitutes one rare example
where these observables can be studied analytically at
the edge of the Fermi gas.
Model. In the rotating frame at angular frequency Ω,
the many-body Hamiltonian HˆN is time-independent and
given by HˆN =
∑N
i=1 Hˆi where the single-particle Hamil-
tonian Hˆi = Hˆ(pˆi, rˆi) reads
Hˆ(pˆ, rˆ) =
pˆ2
2m
+
mω2
2
r2 − ΩLˆz , (3)
where Lˆz = i~(y∂x − x∂y) is the z-component of the an-
gular momentum. The last term in (3) comes from the
fact that we describe the system in the rotating frame
(see e.g. [40, 41]). In the following, we work with di-
mensionless quantities and set ω, ~ω and
√
~/(mω) as
units of frequency, energy and length respectively. The
Hamiltonian can be diagonalised explicitly by the follow-
ing set of eigenfunctions ψn1,n2 indexed by two quantum
numbers n1, n2 = 0, 1, 2, . . . (see e.g. [29, 31]),
ψn1,n2(x, y) = Ae
r2
2 (∂x + i∂y)
n1(∂x − i∂y)n2e−r2 (4)
with corresponding eigenvalues
En1,n2 = 1 + (1− Ω)n1 + (1 + Ω)n2 , (5)
where A ≡ An1,n2 in (4) is a normalizing constant, and
Ω is evaluated in units of ω, with 0 ≤ Ω ≤ 1. Note
that this basis of eigenfunctions (4) is different from the
standard one built from one-dimensional Hermite poly-
nomials. Of course, in the limit Ω = 0, Eq. (5) yields
back the spectrum of the standard 2d-harmonic oscilla-
tor. In the other limit, Ω = 1, the energy levels En1,n2
in (5) depend only on n2 and are thus infinitely degener-
ate. They correspond to the well known Landau levels,
studied extensively in the context of quantum Hall sys-
tems. However, when Ω < 1 this degeneracy, within each
n2-sector, is lifted.
Here we consider the ground state of N non-interacting
fermions with such single-particle energy levels (5) and
assume that Ω is sufficiently close to 1 such that the N
lowest energy levels correspond to n2 = 0 (the lowest
Landau level) and n1 = 0, 1, · · · , N − 1. This indeed
corresponds to the many-body ground state, as long as
EN−1,0 < E0,1, i.e. 1 > Ω > 1 − 2/N (note that, for
bosons, a value Ω ≈ 0.99 was experimentally reached in
[33]). In the sector n2 = 0, we relabel, for convenience,
the eigenfunctions ψn1,0 in Eq. (4) by k = n1 + 1 =
1, 2, · · · , N , and write ψn1,0(x, y) = φk=n1+1(z)
φk(z) =
zk−1√
piΓ(k)
e−
1
2 |z|2 , z = x+ iy , (6)
with corresponding eigenvalues Ek−1,0 (5). The many-
body ground-state wave function Ψ0(z1, · · · , zN ) is given
by the Slater determinant constructed from the N first
single particle wave-functions (6), i.e., Ψ0(z1, · · · , zN ) =
det1≤j,k≤N φk(zj)/
√
N !. It is easy to see from (6) that Ψ0
can be written in terms of a Vandermonde determinant.
Consequently, the quantum joint probability distribution
function (PDF) of the positions is given by
|Ψ0(z1, · · · , zN )|2 = 1
ZN
∏
i<j
|zi − zj |2e−
∑N
k=1 |zk|2 , (7)
3where ZN is a normalization constant. Eq. (7) coincides
with the joint PDF of the eigenvalues of random matrices
belonging to the complex Ginibre ensemble [4, 37, 38].
This is a well known ensemble in RMT consisting of
N ×N matrices whose entries, both real and imaginary
parts, are independent Gaussian random variables, of
zero mean and variance 1/2 [37]. It is well known in
the literature that the Ginibre ensemble is related to the
system of N fermions in a 2d-plane and in the presence
of a magnetic field perpendicular to that plane (see e.g.
[42]). In this case, the energy levels are given by Eq. (5)
with Ω = 1 and therefore the lowest Landau level, corre-
sponding to n2 = 0, is infinitely degenerate, i.e. all the
φk = ψk−1,0’s have the same energy. Consequently, all
the Slater determinants built from φn1 , φn2 , · · · , φnN for
any n1 < n2 < · · · < nN correspond to quantum states
with the same energy. Hence, there is no physical rea-
son, even at T = 0, to consider only the N -particle state
built from φ1, φ2, · · · , φN which is actually the only one
that is related to the Ginibre ensemble. Instead, in the
case of rotating fermions at T = 0 considered here (3),
the degeneracy in the lowest Landau level (i.e., n2 = 0)
is lifted for Ω < 1 [see Eq. (5)] and the state built
from φ1, · · · , φN is the unique ground-state of the sys-
tem. Therefore the connection to the Ginibre in Eq. (7)
comes out very naturally.
Exploiting this connection with the complex Gini-
bre ensemble, we immediately find that the density of
fermions ρN (z) converges in the large N limit to the cel-
ebrated Girko’s law [43] ρN (z)→ ρbΘ(
√
N − |z|), where
Θ(x) is the Heaviside step-function, with uniform den-
sity ρb = 1/pi. Hence, the typical interparticle distance
is O(1). For large N , one thus naturally distinguishes
three different regions depending on r = |z| (see Fig. 1):
(i) the deep bulk for r = O(1), (ii) the extended bulk for
0 < r/
√
N < 1 and (iii) the edge for |r − √N | = O(1),
i.e. the scale over which the density vanishes [4].
Main results. In this Letter, we compute exactly, for
any N , the Re´nyi entanglement entropy Sq(N, r) (13) of
the disk Dr = {|z| ≤ r} as well as all the cumulants 〈Npr 〉c
(19) of any order p, of the number of fermions Nr ≡ NDr
in Dr. For N  1, we show that Sq(N, r) takes different
scaling forms in the three regions (i)-(iii) (see Fig. 1)
Sq(N, r) ≈

Sbq (r) , r = O(1)√
2σq r , 0 < r/
√
N < 1√
2NSeq
(√
2(r −√N)
)
, |√N − r| = O(1),
(8)
where the scaling functions Sb,eq and the amplitude σq
can be computed explicitly [44]. In particular the scaling
function at the edge reads (for q > 1)
Seq(s) =
∫ ∞
s
dx
1− q ln
[
1
2q
erfc(−x)q + 1
2q
erfc(x)q
]
, (9)
where erfc(u) = (2/
√
pi)
∫∞
u
e−x
2
dx is the complementary
error function. While Seq(s → −∞) = σq, the constant
in the second line of Eq. (8), we find that Seq(s→∞) ≈
q
q−1
e−s
2
4
√
pis2
. One can check that Seq(s) has a well defined
limit when q → 1 [44]. Similarly, we find that, for large
N , the cumulants 〈Npr 〉c of order p ≥ 2 (see [45] for p =
1), take the scaling form in the three different regimes
(i)-(iii) (see Fig. 1)
〈Npr 〉c ≈

Kbp (r) , r = O(1)√
2κp r , 0 < r/
√
N < 1√
2NKep
(√
2(r −√N)
)
, |√N − r| = O(1) .
(10)
where the scaling functions Kb,ep as well as the am-
plitude κp can be again computed explicitly [44], e.g.
κ2 = 1/
√
2pi (note that κp = 0 for p odd). In partic-
ular, in the extended bulk for 0 < r/
√
N < 1, we find
that all the (even) cumulants are of order O(1). Hence
in this regime, the fluctuations are not Gaussian. In spite
of this non-Gaussianity, the results in the second line of
Eqs. (8) and (10) show that the entropy Sq(N, r) and
Var (Nr) = 〈N2r 〉c still have the same r-dependence in
this regime, and hence are proportional to each other
Sq(N, r) ≈ αqVar (Nr) , αq = σq
κ2
=
√
2piSeq(−∞) ,
(11)
for q > 1. This proportionality is thus similar to
Eq. (2), albeit with a different proportionality constant
αq 6= (pi2/6)(1 + 1/q). In the limit q → 1, we find α1 =
3.2017 . . . [44] (see also [46]). Note that this value is in
agreement with the lower bound α1 ≥ 4 ln 2 = 2.7725 . . .
valid for non-interacting systems [15]. This amplitude
thus carries the signature of the non-Gaussian fluctua-
tions of Nr in the extended bulk. Finally, at the edge,
the scaling function Kep(s) in the third line of Eq. (10) is
given by
Kep(s) = −
∫ ∞
s
dxLi1−p
(
−erfc(−x)
erfc(x)
)
, (12)
where Lis(x) =
∑
k≥1 x
k/ks is the polylogarithm func-
tion [47]. While Kep(s → −∞) → κp, the constant ap-
pearing in the second line of Eq. (10), we show that
Kep(s) ≈ (−1)pe−s
2
/(4
√
pis2) [44]. A comparison of Eqs.
(30) and (12) shows that in the edge regime, the entan-
glement entropy and the number variance have a rather
different r-dependence and hence are certainly not pro-
portional to each other (see the inset of Fig. 1).
Entanglement entropy. The entanglement entropy
Sq(N, r) is naturally expressed in terms of the
overlap matrix A in the disk Dr, where Akl =
4∫
|z|≤r d
2z φ∗k(z)φl(z), as [15]
Sq(N, r) =
1
1− q Tr[ln(A
q + (I− A)q)] (13)
=
1
1− q
N∑
k=1
ln [λk(r)
q + (1− λk(r))q] ,
with the λk’s being the eigenvalues of A. Obtaining the
spectrum of A is in general very hard. However, here,
thanks to the spherical symmetry of the system, one can
show that A is diagonal (see also [15]). Indeed, using the
expression of φk(z) given in Eq. (6), we obtain (see also
[15] in the different context of quantum Hall systems)
Akl =
1√
Γ(k)Γ(l)
∫ r
0
rk+l−1e−r
2
dr
∫ 2pi
0
dθ
pi
e−i(k−l)θ
= δkl λk(r) with λk(r) =
γ(k, r2)
Γ(k)
, (14)
where the Kronecker delta-function comes from the inte-
gration over the angular variable θ and where γ(a, z) =∫ z
0
xa−1e−xdx is the lower incomplete gamma function.
The finite N expression of Sq(N, r) is simply obtained by
inserting in Eq. (13) the form of λk(r) given in Eq. (14).
In the large N limit, we need to analyze the sum in Eq.
(13). As the behavior of λk(r) is different in each spatial
region (i), (ii) and (iii) of Fig. 1, we will analyze these
three cases separately.
(i) In the deep bulk for r = O(1), from Eq. (14) the
eigenvalues λk(r) = γ(k, r
2)/Γ(k) are independent of N .
In this regime, the sum over k converges and the scaling
function Sbq (r) is obtained by replacing the finite sum in
the second line of Eq. (13) by an infinite sum [44]. For
r → 0, we obtain the asymptotic behavior Sbq (r) ≈ q/(q−
1)r2, for q > 1 while Sb1 (r) ≈ −2r2 ln r. For r → ∞,
we obtain Sbq (r) ≈
√
2rσq [44], smoothly matching the
extended bulk result in the second line of Eq. (8). Note
that for q → 1, this result is in agreement with the result
found in [46], in the context of quantum Hall systems.
(ii) In the extended bulk, we set r = ζ
√
N (with ζ < 1)
and study the eigenvalues λk(r = ζ
√
N). In this case, the
N -dependence comes only from the argument r = ζ
√
N
and in the large N limit, λk(r = ζ
√
N) can be estimated
via a saddle point method, yielding [1]
λk
(
r = ζ
√
N
)
≈ F
(
k −Nζ2√
2Nζ
)
, F (u) =
1
2
erfc(u) .
(15)
Inserting this scaling form in Eq. (13), it is then natu-
ral to transform the sum over k into a Riemann integral
over x = (k − Nζ2)/(√2Nζ). Finally, taking the limit
N → ∞ in the bounds of integration, we obtain the re-
sult given in the second line of Eq. (8). Note that in
this regime, the area law is verified as Sq(N, r) ∝ r, in
contrast with the case of free [49] and trapped fermions
[18, 19] in dimension d where there are logarithmic cor-
rections Sq(N,Dl) ∝ ld−1 log l for a box Dl of linear size
l. This is consistent with Refs. [50–52] as area laws
are expected to hold for systems with correlation func-
tions decreasing exponentially (or faster), which is indeed
the case for this system, where the two point-correlation
function decays as a Gaussian (see e.g. [2]).
(iii) At the edge, we set r =
√
N+s/
√
2 with s = O(1)
and we find that the eigenvalues take the scaling form
λN−k(r) ≈ F
(√
2(
√
N − r)− k√
2N
)
, (16)
where F (u) is given in Eq. (15). Inserting this scaling
form in Eq. (13), we now transform the sum over k into
a Riemann integral over x = (k−N)/√2N , yielding the
scaling function given in Eq. (30). Note that the limit
r → √N of the extended bulk result in the second line
of (8) matches smoothly with the asymptotic expansion
of the edge result Seq(s) ≈ σq for s→ −∞.
Full Counting Statistics. To compute the cumulants of
Nr, it is useful to study the Centered Cumulant Generat-
ing Function (CCGF) χµ(r) = ln〈e−µ(Nr−〈Nr〉)〉. In fact,
the quantity 〈e−µNr 〉 can be simply expressed in terms
of the overlap matrix A defined above Eq. (13). After
standard manipulations [44], one finds
〈e−µNr 〉 = det [IN − (1− e−µ)A] , (17)
where IN denotes the N ×N identity matrix. Using the
diagonal structure of A (14), χµ(r) reads for any finite N
χµ(r) =
N∑
k=1
(
µλk(r) + ln
[
1− (1− e−µ)λk(r)
])
, (18)
in terms of the eigenvalues λk(r) of A given in (14) and
where we have used 〈Nr〉 =
∑N
k=1 λk(r). After some
manipulations [44], we obtain from Eq. (36) an exact
expression for 〈Npr 〉c at any order p ≥ 2 [54]
〈Npr 〉c = (−1)p+1
N∑
k=1
Li1−p
(
1− 1
λk(r)
)
. (19)
Note that for an integer p, Li1−p(1−1/x) is a polynomial
in x of degree p [44]. In the large N limit, the behavior
of 〈Npr 〉c is analysed in a similar manner as Sq(N, r),
leading to the scaling forms described in Eq. (10), and
in particular with the scaling function at the edge in (12).
In conclusion, we have studied the ground state prop-
erties of a system of N non-interacting fermions in a 2d
harmonic trap with frequency ω in a rotating frame at
angular frequency Ω, such that 0 < ω − Ω  ω. We
have obtained exact expressions for the Re´nyi entangle-
ment entropy Sq(N, r) as well as for the FCS for a disk
of radius r, in various scaling regimes for large N , where
the fermions’s density is uniform on the disk of radius
5√
N . Far from the edge, Sq(N, r) is proportional to the
number variance, which could possibly be measured ex-
perimentally, thus providing an indirect access to the en-
tanglement entropy, which is usually hard to measure
directly. However, close to the edge, i.e. for r ≈ √N we
have shown that both observables have instead a quite
different r-dependence (see Fig. 1). Our results thus
demonstrate that one should be careful when the entan-
glement entropy is measured indirectly via the number
variance, since a relation between both quantities, such
as in Eq. (11), actually does not necessarily exist in all
regions of space.
Since the Hamiltonian in the rotating frame (3) is
symmetric under the transformation x ↔ −p (in scaled
units), our results for the FCS in position space immedi-
ately translate to FCS in momentum space, which could
then be measured using time-of-flight experiments. This
naturally raises the question of the correlations between
the positions and momenta of fermions. For instance, it
would be very interesting to investigate the Wigner func-
tion, as it was recently done for (non-rotating) trapped
fermions [55].
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ASYMPTOTIC EXPANSIONS FOR THE RE´NYI ENTANGLEMENT ENTROPY
In this section we give the details of the derivations of the Re´nyi entanglement entropy Sq(N, r) together with its
asymptotic behaviors in the three different regimes: (i) in the deep bulk, (ii) in the extended bulk and (iii) at the
edge.
(i) Deep bulk
In the deep bulk, λk(r) is independent of N and the asymptotic large N behavior of Sq(N, r) is then obtained
simply by replacing the finite sum in Eq. (13) of the main text by an infinite sum. The scaling form valid for q > 1
reads
Sq(N, r) ≈ Sbq (r) =
1
1− q
∞∑
k=1
ln
[(
γ(k, r2)
Γ(k)
)q
+
(
Γ(k, r2)
Γ(k)
)q]
, (20)
while in the case q → 1, it reads
Sq=1(N, r) = SvN(N, r) ≈ SbvN(r) = −
∞∑
k=1
γ(k, r2)
Γ(k)
ln
[
γ(k, r2)
Γ(k)
]
−
∞∑
k=1
Γ(k, r2)
Γ(k)
ln
[
Γ(k, r2)
Γ(k)
]
. (21)
In the limit of small interval, r → 0, one can use the small x behaviour of γ(k, x),
γ(k, x)
Γ(k)
=
1
Γ(k)
∫ x
0
tk−1e−tdt =
[
tk
Γ(k + 1)
e−t
]x
0
+
1
Γ(k + 1)
∫ x
0
tke−tdt ≈ x
k
Γ(k + 1)
+O(xk+1) , (22)
and only retain the term of lowest order k = 1 in Eqs. (20) and (21). In this limit, the scaling function reads
Sbq (r) ≈
q
q − 1r
2 and SbvN(r) ≈ −2r2 ln r , for r → 0 . (23)
On the other hand, in the limit of large interval r →∞ and in the regime |k− r2| ∼ r, the eigenvalues λk(r) take the
scaling form [1] (this form is obtained by a saddle-point approximation, see for instance [2]),
λk(r) =
γ(k, r2)
Γ(k)
≈ 1
2
erfc
(
k − r2√
2r
)
. (24)
We replace in Eqs. (20) and (21) the discrete sums over k by an integral over x = (k − r2)/(√2r). In the limit of
large r, the lower bound of integration −r/√2 is replaced by −∞. This yields
Sbq (r) ≈
√
2σq r and S
b
vN(r) ≈
√
2σ1 r , for r →∞ , (25)
where σq =
∫ ∞
−∞
dx
1− q ln
[
1
2q
erfc(x)q +
1
2q
erfc(−x)q
]
and σ1 = −
∫ ∞
−∞
dx erfc(x) ln
[
1
2
erfc(x)
]
= 1.2773 . . . .
(26)
This result matches smoothly with the extended bulk result (see below). Note that the result for σ1 can be recovered
by expanding the expression of σq for q → 1.
(ii) Extended bulk
In the extended bulk, inserting in Eq. (13) of the main text the scaling form for λk(r) in Eq. (15) of the main text,
we replace the discrete sum over k by an integral over x = (k −Nζ2)/(√2Nζ) with 0 < ζ = r/√N < 1. It reads
Sq(N, r) ≈
√
2 r
∫ √N/2(ζ−1−ζ)
−
√
N/2ζ−1
dx
1− q ln
[
1
2q
erfc(x)q +
1
2q
erfc(x)q
]
. (27)
8As 0 < ζ < 1, we replace in the large N limit the bounds of integration by ±∞, and we obtain that Sq(N, r) ≈
√
2σq r
where σq is given above in Eq. (26), as announced in the second line of Eq. (8) in the main text. For q = 1, the result
is similar and reads
SvN(N, r) ≈ −
√
2 r
∫ ∞
−∞
dx erfc(x) ln
[
1
2
erfc(x)
]
=
√
2σ1 r =
α1r√
pi
, (28)
where σ1 is given in (26).
(iii) Edge regime
At the edge, inserting in Eq. (13) of the main text the scaling form of Eq. (16) of the main text, we replace the
discrete sum over k by an integral over u = (k −N)/√2N . For fixed s = √2(r −√N) = O(1), it reads
Sq(N, r) ≈
√
2N
∫ 0
−
√
N/2
du
1− q ln
[
1
2q
erfc(−s+ u)q + 1
2q
erfc(s− u)q
]
. (29)
Making an additional change of variable u→ x = s− u and taking the limit in the new upper bound of the integral√
N/2 + s→ +∞, this yields the expression (for q > 1)
Sq(N, r) ≈
√
2NSeq(
√
2(r −
√
N)) , with Seq(s) =
∫ ∞
s
dx
1− q ln
[
1
2q
erfc(x)q +
1
2q
erfc(−x)q
]
, (30)
as announced in Eqs. (8) and (9) of the main text. For q = 1, the expression reads
SvN(N, r) ≈
√
2NSevN(
√
2(r−
√
N)) , with SevN(s) = −
∫ ∞
s
dx
2
(
erfc(x) ln
[
1
2
erfc(x)
]
+ erfc(−x) ln
[
1
2
erfc(−x)
])
.
(31)
As the integrals in Eqs. (30) and (31) converge for s→ −∞, it is straightforward to obtain that Seq(s→ −∞)→ σq
for q ≥ 1, where σq is given in Eq. (26). On the other hand, in the limit s → +∞, using the asymptotic expansion
erfc(−x) ≈ 2− e−x2/(√pix) for x→∞ in Eq. (30), we obtain at leading order
Seq(s) ≈
q
q − 1
e−s
2
4
√
pis2
and SevN(s) ≈
e−s
2
4
√
pi
, for s→ +∞ , (32)
as announced below Eq. (9) of the main text.
FULL COUNTING STATISTICS FOR FINITE N
In this section, we derive the expression of the cumulants given in Eq. (19) of the main text. First we obtain the
finite N expression of the Centred Cumulant Generating Function (CCGF) given in Eq. (18) of the main text, and
then we extract the cumulants. We first compute the moment generating function, defined as the Laplace transform
of the PDF of nr = Nr − 〈Nr〉,
〈e−µ(Nr−〈Nr〉)〉 = eµ〈Nr〉〈e−µNr 〉 = eµ〈Nr〉
∫
d2z1 · · ·
∫
d2zNe
−µ∑Nk=1 Ir(zk)|Ψ0(z1, · · · , zN )|2 , (33)
where we have introduced the indicator function Ir(z) = 1 if r ∈ Dr and Ir(z) = 0 otherwise. Using that the
many-body wave function is a Slater determinant Ψ0(z1, · · · , zN ) = det1≤j,k≤N φk(zj)/
√
N ! and together with the
Cauchy-Binet identity, Eq. (33) can be expressed as
〈e−µ(Nr−〈Nr〉)〉 = eµ〈Nr〉 det
1≤k,l≤N
[∫
d2ze−µIr(z)φ∗k(z)φl(z)
]
. (34)
Next, we use that e−µIr(z) = 1− (1− e−µ)Ir(z), since Ir(z) = 0 or Ir(z) = 1. Using the orthonormality of the wave
functions (see Eq. (14) in the main text) in Eq. (34), we obtain
〈e−µ(Nr−〈Nr〉)〉 = eµ〈Nr〉 det
1≤k,l≤N
[
δk,l − (1− e−µ)
∫
|z|≤r
d2z φ∗k(z)φl(z)
]
= eµ〈Nr〉 det
1≤k,l≤N
[
δk,l − (1− e−µ)Ak,l
]
,
(35)
9where we recall that A is the overlap matrix. Note that at this stage the result is valid for any system of non-
interacting fermions. In this case, the overlap matrix is diagonal Ak,l = δk,lλk(r) (see Eq. (14) in the main text)
and the determinant in Eq. (35) reduces to a finite product of N terms. Taking the logarithm, we finally obtain the
CCGF
χµ(r) = ln〈e−µ(Nr−〈Nr〉)〉 =
N∑
k=1
ln[1− (1− e−µ)λk(r)] +
N∑
k=1
µλk(r) , (36)
where we used 〈Nr〉 =
∑N
k=1 λk(r). From Eq. (36), we factorise (1 − λk(r)) in the argument of the logarithm to
obtain
χµ(r) =
N∑
k=1
ln[1− λk(r)] + µ〈Nr〉+
N∑
k=1
ln
[
1 + e−µ
λk(r)
1− λk(r)
]
. (37)
Using next the Taylor series ln(1 + x) =
∑∞
l=1(−1)l+1xl/l, this yields
χµ(r) =
N∑
k=1
ln[1− λk(r)] + µ〈Nr〉+
∞∑
l=1
N∑
k=1
(−1)l+1 e
−lµ
l
(
λk(r)
1− λk(r)
)l
. (38)
To obtain the expression of the cumulants, we compare this equation with the cumulant expansion of the CCGF
χµ(r) =
∞∑
p=2
(−1)p
p!
〈Npr 〉c µp . (39)
Identifying the coefficient in µp in Eqs. (38) and (39), we obtain the identity valid for all p ≥ 2,
〈Npr 〉c =
N∑
k=1
∞∑
l=1
(−1)l+1lp−1
(
λk(r)
1− λk(r)
)l
= −
N∑
k=1
Li1−p
(
− λk(r)
1− λk(r)
)
, (40)
where we used that Lis(x) =
∑∞
k=1 k
−sxk is the polylogarithm function.
Note that if instead, we factorise λk(r)e
−µ in the argument of the logarithm in Eq. (36) and use again the Taylor
series ln(1 + x) =
∑∞
l=1(−1)l+1xl/l, we obtain a different expression for the CCGF
χµ(r) = −µ
N∑
k=1
ln[λk(r)] + µ〈Nr〉+
∞∑
l=1
ln
[
1 +
1− λk(r)
λk(r)
eµ
]
= −µ
N∑
k=1
ln[λk(r)] + µ〈Nr〉+
N∑
k=1
∞∑
l=1
(−1)l+1 e
lµ
l
(
1− λk(r)
λk(r)
)l
. (41)
Identifying now the coefficient in µp in Eqs. (41) and (39), we obtain an additional identity valid for all p ≥ 2,
〈Npr 〉c =
N∑
k=1
∞∑
l=1
(−1)l+p+1lp−1
(
1− λk(r)
λk(r)
)l
= (−1)p+1
N∑
k=1
Li1−p
(
−1− λk(r)
λk(r)
)
= (−1)p+1
N∑
k=1
Li1−p
(
1− 1
λk(r)
)
,
(42)
which is the formula given in Eq. (20) of the main text. From Eqs. (40) and (42) we obtain immediately the well
know property [3]
Li1−l
(
1− 1
x
)
= Li1−l
(
x− 1
x
)
= (−1)l Li1−l
(
x
x− 1
)
= (−1)l Li1−l
(
1− 1
1− x
)
, (43)
which will be useful for later purpose. Additionally, using the definition of the polylogarithm, we obtain the small x
behaviour
Li1−l
(
1− 1
x
)
= (−1)l Li1−l
(
− x
1− x
)
≈ (−1)l+1x , for x→ 0 , (44)
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which will be useful to obtain asymptotic expansions in the next section.
Note finally that the function Li1−p(1−1/x) is a polynomial function of degree p in the variable x. It can be shown
using the identities
e−z
1− e−z =
∞∑
l=1
(e−z)l and
−e−z
1 + e−z
=
∞∑
l=1
(−e−z)l , (45)
and deriving p− 1 time these expressions with respect to z, to obtain
Pp(e
−z)
(1− e−z)p =
∞∑
l=1
(−l)p−1(e−z)l = (−1)p−1 Li1−p
(
e−z
)
(46)
Qp(e
−z)
(1 + e−z)p
=
∞∑
l=1
(−l)p−1(−e−z)l = (−1)p−1 Li1−p
(−e−z) ,
where Pp(y) and Qp(y) are polynomial functions of degree p in the variable y. Finally, replacing e
−z = 1/x − 1 < 1
if 1 > x > 1/2 in the first line of Eq. (46) or e−z = x/(1− x) < 1 if 0 < x < 1/2, we obtain
(−1)p−1 Li1−p
(
1− 1
x
)
= xpPp
(
−1− x
x
)
= P˜p(x) ,
(−1)p−1 Li1−p
(
1− 1
1− x
)
= (1− x)pQp
(
− x
1− x
)
= Q˜p(x) (47)
where P˜p(x) and Q˜p(x) are polynomial functions of degree p in the variable x.
ASYMPTOTIC RESULTS FOR THE CUMULANTS IN THE LARGE N LIMIT
In this section we analyze the behavior of the cumulants 〈Npr 〉c in each of the three spatial regions. We also provide
asymptotic expansions of these cumulants in the deep bulk (i) and at the edge (iii).
(i) Deep bulk
In the deep bulk, the eigenvalues λk(r) do not depend on N , at leading order for large N . Therefore, in the large
N limit, the cumulant scaling function is obtained by replacing the finite sum over k in Eq. (19) of the main text by
an infinite sum. This yields
〈Npr 〉c ≈ Kbp(r) , Kbp(r) = (−1)p+1
∞∑
k=1
Li1−p
(
−Γ(k, r
2)
γ(k, r2)
)
. (48)
In the small r limit, the eigenvalues are small λk(r) ∼ r2k/Γ(k + 1) 1 and we may retain only the term for k = 1.
Using additionally the expansion of Eq. (44), we obtain
Kbp(r) ≈ r2 , for r → 0 , (49)
independently of p. Hence all the cumulants are equal (〈Npr 〉 ≈ r2 for r  1 and all p ≥ 1), which is characteristic
of a Poisson distribution. Note that the mean number of fermions inside the disk of radius r can be simply obtained
from the fermion density
〈Nr〉 = 2pi
∫ r
0
r′ρN (r′)dr′ ≈ r2 , for r = O(1) as N →∞ , (50)
Hence in this deep bulk regime r → 0, the distribution of Nr is Poissonian with parameter r2. Additionally, we note
that, in this bulk regime, the Re´nyi entropy Sbq (r) also behaves quadratically with r (as discussed in the main text)
Sbq (r) ≈
q
q − 1 r
2 . (51)
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Hence, in this bulk regime, the proportionality between the number variance and the entanglement entropy is restored,
i.e.
Sbq (r) ≈
q
q − 1Var(Nr) . (52)
Thus the proportionality constant q/(q − 1) in this bulk regime is different from αq in the extended bulk regime, as
given in Eq. (11) in the main text.
For a large disk r → +∞, we use the scaling form in Eq. (24) and rewrite the sum in Eq. (48) as an integral over
x = (k − r2)/(√2r). It reads
Kbp(r) ≈ (−1)p+1
√
2r
∫ ∞
−r/√2
dxLi1−p
(
−erfc(−x)
erfc(x)
)
. (53)
As r →∞, we replace the lower bound of integration by −∞. This yields
Kbp(r) ≈
√
2rκp , for r → +∞ where κp = (−1)p+1
∫ ∞
−∞
dxLi1−p
(
−erfc(−x)
erfc(x)
)
. (54)
This expression matches smoothly with the extended bulk result (see below).
(ii) Extended bulk
In the extended bulk, we insert in Eq. (19) of the main text the scaling form for the eigenvalues in Eq. (15) of the
main text. Replacing the sum over k by a Riemann integral over x = (k −Nζ2)/(√2ζ) and taking the limit N →∞
in the bounds of integration, we obtain
〈Npr 〉c ≈
√
2rκp with κp = (−1)p+1
∫ ∞
−∞
dxLi1−p
(
−erfc(−x)
erfc(x)
)
. (55)
Changing the integration variable x→ −x, the expression of κp reads
κp = (−1)p+1
∫ ∞
−∞
dxLi1−p
(
− erfc(x)
erfc(−x)
)
. (56)
Using the property in Eq. (43), we obtain the simplified expression
κp = −
∫ ∞
−∞
dxLi1−p
(
−erfc(−x)
erfc(x)
)
. (57)
By comparing Eqs. (55) and (57), we realize that the odd cumulants vanish in the extended bulk κ2p+1 = −κ2p+1 = 0.
The coefficient κ2 for the variance can be obtained explicitly as follows. Using Eq. (57) specialised to p = 2 and
using Li−1(−x) = −x/(1 + x)2, we obtain
κ2 =
∫ ∞
−∞
erfc(−x)dx
erfc(x)
(
1 + erfc(−x)erfc(x)
)2 = ∫ ∞−∞ dx4 erfc(−x) erfc(x) , (58)
where we used erfc(x) + erfc(−x) = 2. Using an integration by part and the identity (erfc(x) erfc(−x))′ = 2[erfc(x)−
erfc(−x)]e−x2/√pi = −4e−x2 erf(x)/√pi, we express Eq. (58) as
κ2 =
[x
4
erfc(x) erfc(−x)
]∞
−∞
+
∫ ∞
−∞
x√
pi
e−x
2
erf(x)dx =
∫ ∞
−∞
x√
pi
e−x
2
erf(x)dx . (59)
Finally, making an additional integration by parts, we obtain the final result
κ2 =
[
−e
−x2
2pi
erf(x)
]∞
−∞
+
2
pi
∫ ∞
−∞
e−2x
2
dx =
1√
2pi
, (60)
as announced in the text below Eq. (10). In particular, using Eq. (60), we express the variance in the extended bulk
as Var(Nr) ≈ r/
√
pi.
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FIG. 2. Plot of the rescaled cumulants 〈Npr 〉c/
√
2N for p = 2 (blue dots), p = 3 (orange dots) and p = 4 (green dots) as a
function of the rescaled position at the edge s =
√
2(r − √N) obtained numerically by diagonalization of 1.2 × 106 complex
Ginibre matrices of linear size N = 50. They are compared with the analytical prediction for finite N (solid lines) and the
asymptotic result for N →∞ (dashed lines).
(iii) Edge regime
At the edge, we insert in Eq. (19) of the main text the scaling form for λk(r) in Eq. (16) of the main text. Replacing
the sum over k by an integral over u = (k −N)/√2N with fixed s = √2(r −√N), this yields
〈Npr 〉c ≈
√
2N(−1)p+1
∫ 0
−
√
N/2
duLi1−p
(
−erfc(−u+ s)
erfc(u− s)
)
. (61)
Making an additional change of variable u → x = s − u, using Eq. (43) and taking the upper bound of integration√
N/2 + s→∞, we obtain
〈Npr 〉c ≈
√
2NKep(
√
2(r −
√
N)) with Kep(s) = −
∫ ∞
s
dxLi1−p
(
−erfc(−x)
erfc(x)
)
. (62)
In Fig. 2, we show a plot of these functions Kep(s) for p = 2, 3, 4 and compare them to numerical simulations. Note
that the discrepancy between the analytical prediction and the numerics observed for large negative s is a finite N
effect. The integral in Eq. (62) is convergent for s→ −∞ such that we obtain straightforwardly Kep(s→ −∞) = κp
in this limit. For s→ +∞, the argument of Li1−p(1− 1/u) is small u = erfc(x)/2 ≈ e−x2/(2
√
pix) and from Eq. (44),
−Li1−p(1− 1/u) ≈ (−1)pu. Inserting this expression in Eq. (62), we obtain for p ≥ 2,
Kep(s) ≈ (−1)p
e−s
2
4
√
pis2
, for s→ +∞ . (63)
To understand this expression, we consider the average number of fermion outside the disk of radius r =
√
N + s/
√
2,
〈Nr〉 = 2pi
∫ ∞
r
r′ρN (r′)dr′ ≈
√
N
∫ ∞
s
dx√
2
erfc(x) ≈
√
2N
e−s
2
4
√
pis2
, for s→ +∞ , (64)
where we used the scaling form for the density at the edge [4] ρN (r) = erfc(s)/(2pi) with s =
√
2(r − √N). The
distribution of Nr = N −Nr will be Poissonian with parameter 〈Nr〉 =
√
2N e
−s2
4
√
pis2
, and therefore the cumulants for
p ≥ 2 are given by 〈Npr 〉c = (−1)p〈Nr
p〉c = (−1)pNr.
From Eq. (62), we can obtain explicit expressions for the cumulants at the edge
Ke2(s) =
∫ ∞
s
dx
4
erfc(x) erfc(−x) = e
−s2
2
√
pi
erf(s) +
s
4
erfc(s) erfc(−s) + 1
2
√
2pi
erfc(
√
2s) , (65)
Ke3(s) =
∫ ∞
s
dx
4
[
erf3(x)− erf(x)] , Ke4(s) = ∫ ∞
s
dx
8
[−1 + 4 erf(x)2 − 3 erf(x)4] . (66)
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More generally, Kep(s) is given as an integral of a polynomial of degree p in the variable erf(x). Note that we could
also have included in these cumulants the leading correction to the mean number 〈Nr〉 that takes a similar scaling
form
〈Nr〉 −N ≈
√
2NKe1(
√
2(r −
√
N)) , with Ke1(s) = −
∫ ∞
s
dx
2
erfc(x) =
s
2
erfc(s)− e
−s2
2
√
pi
. (67)
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